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ABSTRACT
Laminar forced convection in two-dimensional rectangular

micro and nano-channels under hydrodynamically and thermally
fully developed conditions is investigated analytically in the slip
flow regime(0.001< Kn < 0.1). Closed form solutions for fluid
friction and Nusselt numbers are obtained by solving the contin-
uum momentum and energy equations with the first-order veloc-
ity slip and temperature jump boundary conditions at the channel
walls. Isoflux thermal boundary condition is applied on the heat
sink base. Results of the present analysis are presented in terms
of channel aspect ratio, hydraulic diameter, momentum and ther-
mal accommodation coefficients, Knudsen number, slip velocity,
Reynolds number and Prandtl number. It is found that fluid fric-
tion decreases and heat transfer increases, compared to no-slip
flow conditions, depending on aspect ratios and Knudsen num-
bers that include effects of the channel size or rarefaction and
the fluid/wall interaction.

INTRODUCTION
Conventional heat sinks and heat pipes are unable to handle

high heat removal rates. After the pioneering work of Tucker-
man and Pease [1], microchannel heat sinks have received con-
siderable attention especially in microelectronics. Most of these
microchannel heat sinks were water-cooled. They could dissi-
pate extremely high-power density with a heat flux as high as
790W/cm2 [Tuckerman and Pease]. These heat sinks do not in-
clude slip effect.

In micro/nano-channels, the gas flow can be modeled using

Navier-Stokes and energy equations using first-order slip flow
and temperature jump boundary conditions . Microscopic effects
become more important when the molecular mean free path of
the coolant gas has the same order of magnitude as the chan-
nel size. Due to these effects, friction factors decrease and heat
transfer coefficients increase with increase in Knudsen number.

In this study, the fully developed laminar flow is analyzed
through rectangular micro/nano-channels in the slip flow regime
(0.001< Kn < 0.1) and closed form solutions are obtained for
friction factors and heat transfer coefficients in terms of chan-
nel aspect ratio, Knudsen number, Reynolds number and Prandtl
number.

There is currently no model for predicting corresponding ve-
locity profiles or pressure distribution in the slip regime. More-
over, there is no such model that can be used in other geometries,
e.g., two-dimensional channels and rectangular ducts with differ-
ent aspect ratios. The objective of the current investigation is to
develop a unified, physics-based model appropriate for slip-flow
regime and for two-dimensional channels, and ducts.

Literature Review
In the last two decades, the flow and heat transfer in

micro/nano-channel heat sinks have become a subject of grow-
ing research attention in microelectronics. Although the work on
these channels is not new, but after Tuckerman and Pease [1],
microchannel heat sinks have received considerable attention es-
pecially in microelectronics. Following this work, several experi-
mental, numerical and theoretical studies on rarefied gas flows in
microchannels have been carried out in a wide range of Knudsen
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number with the objective of developing simple, physics-based
models. These studies are reviewed in this section.

Harley et al. [2] and then later on Morini and his cowork-
ers [3-5] presented analytical and experimental studies. In these
studies, they investigated the rarefaction effects on the pressure
drop through silicon microchannels having rectangular, trape-
zoidal or double-trapezoidal cross-section. They pointed out the
roles of the Knudsen number and the cross-section aspect ratio in
the friction factor reduction due to the rarefaction and obtained
solutions for velocity profiles, friction factors, shear stresses, mo-
mentum flux, and kinetic energy correction factors.

Ebert and Sparrow [6] formulated an analytical slip-flow so-
lution for a rectangular channel. They found that the effect of
slip is to flatten the velocity distribution relative to that for a con-
tinuum flow and the compressibility increases the pressure drop
through an increase in viscous shear rather than through an in-
crease in momentum flux.

Inman [7-9] presented theoretical analyzes for the fluid flow
and heat transfer for laminar slip flow in a parallel plate chan-
nel with different thermal boundary conditions. The solutions
contain a series expansion, and analytical expressions for the
complete set of eigenvalues and eigenfunctions for the problems.
They obtained expressions for the temperature of the gas adja-
cent to the wall , the wall heat flux, and the Nusselt numbers for
the conduits for various values of the rarefaction parameters. The
results indicate that the thermal entrance length is decreased with
increasing gas rarefaction and also that for a given mean free path
the thermal entrance length is greater for unsymmetrical heating
than for a symmetrical wall heat flux.

Colin et al. [10] proposed an analytical slip-flow model
based on second-order boundary conditions for gaseous flow in
rectangular microchannels. They designed an experimental setup
for the measurement of gaseous micro flow rates under controlled
temperature and pressure conditions. It was shown that in rectan-
gular microchannels, the proposed second-order model is valid
for Knudsen numbers up to about 0.25, whereas the first-order
model is no longer accurate for values higher than 0.05. The best
fit is found for a tangential momentum accommodation coeffi-
cient σ = 0.93, both with helium and nitrogen. Yu and Ameel
[11, 12] investigated analytically the laminar forced convection
in thermally developing slip flow through isoflux rectangular mi-
crochannels. They obtained local and fully developed Nusselt
numbers, fluid temperatures, and wall temperatures by solving
the continuum energy equation for hydrodynamically fully de-
veloped slip flow with the velocity slip and temperature jump
condition at the walls. They found that heat transfer may in-
crease, decrease, or remain unchanged, compared to nonslip flow
conditions, depending on aspect ratios and two-dimensionless
variables that include effects of the microchannel size or rarefac-
tion and the fluid/wall interaction.

Zhao and Lu [13] presented an analytical and numerical
study on the heat transfer characteristics of forced convection

across a microchannel heat sink. They used porous medium and
fin approaches and investigated the effects of channel aspect ra-
tio and effective thermal conductivity ratio on the overall Nusselt
number. They found that the overall Nusselt number increases
as channel aspect ratio is increased and decreases with increas-
ing effective thermal conductivity ratio. They proposed a new
concept of microchannel cooling in combination with microheat
pipes and estimated the enhancement in heat transfer. They con-
ducted two-dimensional numerical calculations for both constant
heat flux and constant wall temperature conditions to check the
accuracy of the analytical solutions and to examine the effect of
different boundary conditions on the overall heat transfer.

Quarmby [14] and Gampert [15] used finite-difference sim-
ulations to investigate developing slip flow in circular pipes and
parallel plates.

Barber and Emerson [16, 17] examined the role of Reynolds
and Knudsen numbers on the hydrodynamic development length
at the entrance to parallel plate microchannels. They carried out
numerical simulations over a range of Knudsen numbers cover-
ing the continuum and slip-flow regimes. Their results demon-
strate that at the upper limit of the slip-flow regime, the entrance
development region is almost 25% longer than that predicted us-
ing continuum flow theory.

Andrei and Raymond [18] developed a three-dimensional
model to investigate flow and conjugate heat transfer in the
microchannel-based heat sink for electronic packaging applica-
tions. They solved the Navier-Stokes equations of motion numer-
ically using the generalized single equation framework. They
also developed and validated the theoretical model by compar-
ing the predictions of the thermal resistance and the friction co-
efficient with available experimental data for a wide range of
Reynolds numbers. Their analysis provides a unique fundamen-
tal insight into the complex heat flow pattern established in the
channel due to combined convection-conduction effects in the
three-dimensional setting.

Arkilic et al. [19, 20] performed analytic and experimental
investigations into gaseous flow with slight rarefaction through
long microchannels. They used a two-dimensional (2-D) analy-
sis of the Navier-Stokes equations with a first-order slip-velocity
boundary condition to demonstrate that both compressibility and
rarefied effects are present in long microchannels. They reported
the tangential momentum accommodation coefficients (TMAC)
for nitrogen, argon and carbon dioxide gases in contact with
single-crystal silicon. For all three gases the TMAC is found
to be lower than one, ranging from 0.75 to 0.85.

Beskok and Karniadakis [21] developed simple, physics-
based models for flows in channels, pipes and ducts at micro
scales for a wide range of Knudsen number at low Mach num-
ber. They proposed a new general boundary condition that ac-
counts for the reduced momentum and heat exchange with wall
surfaces and investigated its validity. They found that as the value
of Knudsen number increases, rarefaction effects become more
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important and thus pressure drop, shear stress, heat flux, and
corresponding mass flow rate cannot be predicted from standard
flow and heat transfer models based on the continuum hypothe-
sis. They also explored that simple models based on kinetic gas
theory concepts are not appropriate either, except in the very high
Knudsen number regime corresponding to near-vacuum condi-
tions.

Bower et al. [22] presented experimental results on the heat
transfer and flow in small SiC heat exchangers with multiple
rows of parallel channels oriented in the flow direction. They
analyzed overall heat transfer and pressure drop coefficients in
single phase flow regimes and found that liquid-cooled SiC heat
sinks easily outperform air-cooled heat sinks.

Harms et al. [23] obtained experimental results for single-
phase forced convection in deep rectangular microchannels.
They tested single and multiple channel systems. All tests were
performed with deionized water as the working fluid, where the
Reynolds number ranged from 173 to 12,900. The experimen-
tally obtained local Nusselt number agrees reasonably well with
classical developing channel flow theory. Furthermore, their re-
sults show that multiple channel system designed for developing
laminar flow outperforms the comparable single channel system
designed for turbulent flow.

Hetsroni et al. [24, 25] performed experimental and theo-
retical investigations on single-phase fluid flow and heat transfer
in micro-channels. They considered both problems in the frame
of a continuum model, corresponding to small Knudsen num-
ber. They analyzed the data of pressure drop and heat transfer in
circular, triangular, rectangular, and trapezoidal micro-channels.
The effects of geometry, axial heat flux due to thermal conduc-
tion through the working fluid and channel walls, as well as the
energy dissipation are discussed. They compared experimental
data, obtained by a number of investigators, to conventional the-
ory on heat transfer.

Hsieh et al. [26, 27] presented experimental and theoret-
ical studies of incompressible and compressible flows in a mi-
crochannel. They used nitrogen and deionized water as work-
ing media in their experiments. The results were found in good
agreement with those predicted by analytical solutions in which
a 2-D continuous flow model with first slip boundary conditions
are employed and solved by a perturbation method with a pro-
posed new complete momentum accommodation coefficient.

NOMENCLATURE
A total heating surface area,m2

Ac cross-section area of a single fin,m2

Dh hydraulic diameter,m
f friction factor
G volume flow rate,cm3/s
Hc channel height,m
h average heat transfer coefficient,W/m2 ·K

Kn Knudsen number≡ λ/Dh
k thermal conductivity of solid,W/m·K
kf thermal conductivity of fluid,W/m·K
L length of channel in flow direction,m
m fin parameter,m−1

ṁ total mass flow rate,kg/s
N total number of micro/nano-channels
NuDh Nusselt number based on hydraulic diameter
PeDh Peclet number based on hydraulic diameter
Pr Prandtl number
Qb heat transfer rate from heat sink base,W
Qfin heat transfer rate from fin,W
q heat flux,W/m2

ReDh Reynolds number based on hydraulic diameter
T absolute temperature,K
t thickness,m]
Uav average velocity in channels,m/s
W width of heat sink,m
wc half of the channel width,m
ww half of the fin thickness,m

Greek Symbols
∆P pressure drop across micro/nano-channel,Pa
α thermal diffusivity,m2/sor constant defined by Eq. (25)
αc channel aspect ratio≡ 2wc/Hc

αhs heat sink aspect ratio≡ L/2wc

β fin spacing ratio≡ wc/ww

γ ratio of specific heats≡ cp/cv

L characteristic length,m
λ mean free path,m
µ absolute viscosity of fluid,kg/m·s
ν kinematic viscosity of fluid,m2/s
ρ fluid density,kg/m3

σ tangential momentum accommodation coefficient
σt energy accommodation coefficient
ζu slip velocity coefficient
ζt temperature jump coefficient

Subscripts
a ambient
av average
b base surface
f fluid
f in single fin
g gas
hs heat sink
s slip
th thermal
w wall
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Assumptions
1. Uniform heat flux on the bottom surface.

2. Smooth surfaces of the channel

3. Adiabatic fin tips

4. Isotropic material

5. Steady, laminar, and fully developed heat and fluid flow

6. Slip flow (i.e., 0.001≤ Kn ≤ 0.1) with negligible creep ef-
fects

7. Incompressible fluid with constant thermophysical proper-
ties

8. Negligible axial conduction in both the fin and fluid

Governing Equations
Continuum equations for conservation of mass, momentum

and energy can be used with slip flow and temperature jump
boundary conditions. Using scale analysis, the axial momentum
and energy equations, for the control volume shown in Fig. 1 (b),
reduces to:
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Fig. 1 MICRO/NANO-CHANNEL HEAT SINK:
GEOMETRY, CONTROL VOLUME AND DEFINITIONS.

d2u
dy2 =

1
µ

dp
dx

(1)

and

u
dT
dx

= α
d2T
dy2 (2)

wheredp/dx must be a (negative) constant to makeu a positive
quantity.

Hydrodynamic Boundary Conditions
(i) At the channel surface, i.e., aty = 0, the first-order slip

boundary condition can be used

u = us = ξuL
du
dy

∣∣∣∣
y=0

(3)

whereL is the characteristic length, usually taken as the hy-
draulic diameter of the channel,Dh, andξu is the slip velocity
coefficient, given by

ξu =
(

2−σ
σ

)
Kn (4)

whereσ is the tangential momentum accommodation coefficient,
given for different fluids and surfaces in Table 11-3 in Eckert and
Drake [28], andKn is the Knudsen number which lies between
0.001 and 0.1 in the slip flow region.
(ii) At the symmetry plane

y = wc du/dy= 0 (5)

Thermal Boundary Conditions
(i) Following Liu and Garimella [29], the thermal bound-

ary condition at the base of the fin can be determined from an
energy balance:

Q = Qf in +Qb (6)

which gives

Qf in = Q

[
Qf in/Qb

1+(Qf in/Qb)

]
(7)

where

Q = q(ww +wc)L (8)

Qf in = hav(HcL)η f in(Tb−Tf ) (9)

Qb = hav(wcL)(Tb−Tf ) (10)

The efficiency of the finη f in in Eq. (9) with constant convective
heat transfer coefficient and an insulated tip is:

η f in =
tanh(mHc)

mHc
(11)
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with the fin parameterm=
√

hav

k(2ww)
.

Using these equations, Eq. (7) can be written as

Qf in = q(ww+wc)L
[

2η f in

2η f in +αc

]
(12)

Also

Qf in = −k(wwL)
∂T
∂y

∣∣∣∣
y=0

(13)

Combining Eqs. (12) and (13), we get

−k
∂T
∂y

∣∣∣∣
y=0

= q

(
ww +wc

ww

)(
2η f in

2η f in +αc

)
= qw (14)

whereqw is the flux on the channel wall.
(ii) The temperature jump at the wall can be written as

Tg−Tw = −ξtL
dT
dy

∣∣∣∣
y=0

(15)

whereξt is the temperature jump coefficient and is defined as

ξt =
2−σt

σt
· 2γ
γ+1

· Kn
Pr

(16)

whereσt is the thermal accommodation coefficient,γ is the ratio
of specific heats andPr is the Prandtl number.
(iii) At the symmetry plane

y = wc dT/dy= 0 (17)

(iv) At the top of the fin

z= Hc dT/dz= 0 (18)

ANALYSIS
Fluid Flow

The pressure gradient termdp/dx in Eq. (1) can be written
as

dp
dx

= −
∆P
L

(19)

So, Eq. (1) becomes

d2u
dy2 = − 1

Lµ
∆P
L

= 2A (20)

where A is a constant and can be written as

A = − 1
2µ

∆P
L

(21)

Integrating Eq. (20) twice w.r.t. y and using boundary conditions
(Eqs. 3 and 5), we get

u(y) = −Aw2
c[2(y/wc)− (y/wc)2 +4α] (22)

In terms of dimensionless variableη, velocity distribution can be
written as

u(η) = −Aw2
c(2η−η2 +4α) (23)

where

η = y/wc (24)

α = 2ξu/(1+αc) (25)

with the channel aspect ratio defined by

αc =
2wc

Hc
(26)

The average velocity in the channel is defined as

Uav =
1
wc

∫ wc

0
u(y)dy

= −2
3

Awc(1+6α) (27)

The normalized velocity distribution and slip flow velocity can
be written as

u(η)
Uav

=
3
2

(
2η−η2 +4α

1+6α

)

Us

Uav
=

6α
1+6α





(28)
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Shear stress at the channel wall is defined as

τw = µ
du
dy

∣∣∣∣
y=0

=
3
4
· µ2(1+αc)

ρw2
c

·
ReDh

1+6α
(29)

whereReDh is the Reynolds number based on hydraulic diameter
and is given by

ReDh =
UavDh

ν
(30)

Momentum transfer to the channel wall can be expressed in terms
of skin friction coefficient or friction factor, defined as

f =
τw

1
2ρU2

av

=
24

ReDh

· 1
1+αc

· 1
1+6α

(31)

which gives the Poiseuille numberf ReDh for rectangular
micro/nano-channels in terms of aspect ratioαc and slip velocity
coefficient.

f ReDh =
24

1+αc
· 1
1+6α

(32)

The values of the Poiseuille number are compared with analytical
values quoted by Shah and London [30] and numerical values
given by Morini et al. [4] in Table 1 for continuum flow (Kn =
0). Morini et al. [4] defined the reduction of the friction factor
due to the rarefaction effect as follows:

φ =
( f ReDh)|Kn

( f ReDh)|Kn=0

=
1

1+
12

1+αc

(
2−σ

σ

)
Kn

(33)

For a fixed cross-section, the friction factor reductionφhas been
calculated by comparing the Poiseuille number for an assigned
value of the Knudsen number with the value that the Poiseuille
number assumes for Kn = 0 (i.e., continuum flow). The friction
factor reductionφdepends on the channel aspect ratio and on the
Knudsen number.

Table 2 shows the comparison of the present values of the
friction factor reductionφ with the numerical values presented

Table 1. COMPARISON OF POISEUILLE NUMBERS
f ReDh FOR MICRO/NANO-CHANNELS

αc Poiseuille numberf ReDh

Shah and London [30] Morini et al. [4] Present

0 24 24 24

0.2 19.07 19.07 20.00

0.4 16.37 16.37 17.14

0.6 14.98 14.98 15.00

0.8 14.37 14.37 13.33

1.0 14.22 14.22 12.00

by Morini et al. [4] for some values of the Knudsen number
between 0.001 and 0.1. It shows thatφ decreases asKn goes
from 0.001 to 0.1; this result confirms that gas rarefaction re-
duces the friction between the gas and the micro/nano-channel
walls. The reduction of the friction factor is stronger for rect-
angular micro/nano-channels with a small channel aspect ratio.
For Kn = 0.1 the friction factor reductionφ reaches the min-
imum value 45.5, the value ofφ becomes 56.5% for a square
micro/nano-channel (αc = 1).

The rectangular micro/nano-channels with a smaller chan-
nel aspect ratio have a higher value ofαc; hence for these
micro/nano-channels the decrease of the friction factor with the
Knudsen number is larger. In other words, the rarefaction effects
appear to be higher in micro/nano-channels with smaller aspect
ratios. This is due to the definition of the Knudsen number based
on the hydraulic diameter of the channel.
It shows that the present values are in good agreement for rect-
angular micro/nano-channels with the previous results. This can
be considered a good validation of the assumptions made in the
present work.
The coefficient of pressure loss can be determined from

K =
∆P

1
2ρU2

av
= kce+ f (L/Dh) (34)

wherekce is the sum of contraction and expansion losses in the
channel. Kleiner et al. [31] used experimental data from Kays
and London [32] and derived the following empirical correlation
for the entrance and exit losseskce in terms of channel width and
fin thickness:

kce = 1.79−2.32

(
wc

wc +ww

)
+0.53

(
wc

wc +ww

)2

(35)
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Table 2. COMPARISON OF FRICTION FACTOR REDUC-
TION (φ) FOR MICRO/NANO-CHANNELS

αc Friction Factor Reduction (φ)

Kn = 0.001 Kn = 0.01

Morini Present Morini Present

et al. [4] et al. [4]

0.0 0.988 0.992 0.893 0.892

0.1 0.989 0.991 0.901 0.899

0.2 0.990 0.990 0.907 0.910

0.3 0.990 0.989 0.912 0.919

0.4 0.991 0.988 0.917 0.918

0.5 0.991 0.988 0.920 0.925

0.6 0.992 0.987 0.923 0.927

0.7 0.992 0.993 0.924 0.936

0.8 0.992 0.992 0.925 0.932

0.9 0.992 0.992 0.925 0.944

1.0 0.992 0.992 0.926 0.942

Heat Transfer
The energy equation (Eq. 2), in dimensionless form, can be

written as

(1+2αc) f (η)
∂Θ
∂ξ

=
4

PeDh

∂2Θ
∂η2 (36)

where

ξ =
x

wc
η =

y
wc

f (η) =
3
2

(
2η−η2 +4α

1+6α

)
Θ =

T −Ta

Dhqw/kf

Uav =
u

f (η)
PeDh = ReDhPr

From an energy balance on a fluid element in the channel

dT
dx

=
α(qw/kf )

wcUav
(37)

In dimensionless form, it can be written as

∂Θ
∂ξ

=
1

PeDh

(38)

Combining Eqs. (36) and (38), we get

∂2Θ
∂η2 =

1+αc

4
f (η)

=
(

1+αc

4

)[(
3η− 3

2
η2

)
+

(
1−3η +

3
2

η2
)

Us

Uav

]
(39)

In dimensionless form, Eq. (14) can be written as

−k
∂Θ
∂η

∣∣∣∣
η=0

=
kf wc

Dh
(40)

Also, from continuity of temperature and heat flux at the solid-
fluid interface,

−k
∂Θ
∂η

∣∣∣∣
η=0

= −kf
∂Θ
∂η

∣∣∣∣
η=0

(41)

Combining Eqs. (40) and (41), we get

∂Θ
∂η

∣∣∣∣
η=0

= −wc

Dh
(42)

Using this boundary condition and integrating Eq. (39) w.r.t.η,
we get

∂Θ
∂η

=
(

1+αc

4

)[(
3
2

η2− 1
2

η3−1

)
+

(
η− 3

2
η2− 1

2
η3

)
Us

Uav

]

(43)
From an overall energy balance on the fluid element, we get the
following additional condition

∫ 1

0
f (η) ·Θ(η)dη = 0 (44)

Integrating Eq. (43) and applying Eq. (44), we get

Θ(η) = (1+αc)




(
1
8

η3− 1
32

η4− 1
4

η +
17
140

)
+

1
210

(
Us

Uav

)2

+
(

1
8

η2− 1
8

η3− 1
32

η4− 3
70

)
Us

Uav




(45)
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Integrating Eq. (38) and applying the conditionΘ =
Tg−Ta

Dhqw/kf
at

η = 0, we get

Tg−Ta

Dhqw/kf
=

ξ
PeDh

+Θ(0) (46)

whereΘ(0) can be determined from Eq. (45). From Eq. (15),
we get

Tg−Tw

Dhqw/kf
= ξt (47)

Combining Eqs. (46) and (47), we get

Tw−Ta

Dhqw/kf
=

ξ
PeDh

+Θ(0)+ ξt (48)

By definition, the bulk temperature is given by

Tb = Ta +
(Dhqw/kf )ξ

PeDh

(49)

which gives

Tb−Ta

Dhqw/kf
=

ξ
PeDh

(50)

Combining Eqs. (48) and (50), we get

Tw−Tb

Dhqw/kf
= Θ(0)+ ξt

= (1+αc)

[
17
140

−
3
70

Us

Uav
+

1
210

(
Us

Uav

)2
]

+ ξt (51)

For UWF, the average heat transfer coefficient for the fin is de-
fined as

hf in =
qw

Tw−Tb
(52)

In dimensionless form it can be written as

NuDh =
hf inDh

kf

=
1

(1+αc)

[
17
140

− 3
70

Us

Uav
+

1
210

(
Us

Uav

)2
]

+ ξt

=
140/17

(1+αc)

[
1−

6
17

Us

Uav
+

2
51

(
Us

Uav

)2
]

+
140
17

ξt

(53)

Overall Heat Transfer Coefficient For Heat Sink
Heat balance for the whole CV can be written as

Q = NQf in +Qb (54)

where

Q = (hηA)hsθb

Qf in = (hAη) f inθb

Qb = (hA)bθb





(55)

which gives the overall average heat transfer coefficient for a
micro/nano-channel heat sink:

hhs =
(N+1)(Ahη) f in +(hA)b

(ηA)hs
(56)

with

N =
W−2ww

2(wc +ww)

Ahs = NAf in +Ab

ηhs = 1−
NAf in

Ahs
(1−η f in)

Af in = 2Hc(2ww+L)

Ab = LW− (N +1)(2wwL)





(57)

The average heat transfer coefficient for the fin can be determined
from Eq. (54) whereashb for the UWF boundary condition was
determined by Khan et al. [33] and could be written as

hb = 0.912
kf

L
Re1/2

L Pr1/3 (58)
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whereReL is the Reynolds number based on the length of the
baseplate and is defined as

ReL =
UavL

ν
(59)

CASE STUDIES AND DISCUSSION
The slip flow range (0.001< Kn < 0.1) dictates the channel

width for the flow of any gas through micro/nano-channels. For
air (λ = 69.2nm), Fig. 2 shows that the channel width ranges
from 35 µm to 350 nm. Qin and Li [34] have shown a novel
technique in creating micro/nano-channels using a Nd:YAG laser
in a dry process.

Kn

w
c

(µ
m

)

10­3 10­2 10­1
0

10

20

30

40

Air (λ = 6.92*10­8)

Fig. 2 CHANNEL WIDTH IN SLIP FLOW RANGE
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24

0.001
0.01
0.05
0.1
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σ = 1

Fig. 3 EFFECT OF CHANNEL ASPECT RATIOS ON
FRICTION FACTORS IN SLIP FLOW REGION

In these channels, friction losses are reduced as shown in Fig.
3. It is demonstrated that the friction losses are highest in the
continuum flow (Kn = 0). As theKn number increases, friction
losses decrease with increase in aspect ratio. Arkilic et al. [19,
20] demonstrated experimentally that for nitrogen, argon and car-
bon dioxide, the TMAC is found to be lower than one, rang-
ing from 0.75 to 0.85. The effect of these tangential momentum
accommodation coefficients (TMAC) on the friction factors are
shown in Fig. 4 in the slip region. It shows that the friction fac-
tors decrease monotonically as TMAC decreases and the channel
aspect ratios increases. The effects of aspect ratios on the pres-
sure drop in the slip flow region are investigated in Fig. 5. It is
obvious that the pressure drop is higher for lower aspect ratios.
Pressure drop in micro/nano-channels decreases with increase in
aspect ratios.

σ

fR
e D

h

0.750.80.850.90.951
6

6.5

7

7.5

8

8.5

9

9.5

10

0.25
0.50
0.75
1.00

Kn = 0.1

αc

Fig. 4 EFFECT OF TMAC ON FRICTION FACTORS
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Fig. 5 EFFECT OF Kn ON PRESSURE DROP
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Fig. 6 EFFECT OF αc ON HEAT TRANSFER FROM FIN
IN SLIP FLOW REGION
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Fig. 7 EFFECT OF VOLUME FLOW RATE ON
AVERAGE HEAT TRANSFER FROM

MICRO/NANO-CHANNEL HEAT SINK

The dimensionless heat transfer coefficient decreases with in-
crease in Knudsen numbers and aspect ratios as well. This trend
is shown in Fig. 6. The effect of Kn number is to decrease
the value of the Nusselt number below its continuum value, and
the reduction increases significantly with increasing Kn number.
Figure 7 shows the effect of volume flow rate on the average heat
transfer from a micro/nano-channel heat sink. It is obvious that
the average heat transfer increases with the increase in volume
flow rate and aspect ratio.

CONCLUSIONS
Continuum momentum and energy equations are solved for

laminar forced convection in two-dimensional rectangular micro

and nano-channels under hydrodynamically and thermally fully
developed conditions with the first-order velocity slip and tem-
perature jump boundary conditions at the channel walls. Closed
form solutions are obtained for fluid friction and Nusselt num-
bers in the slip flow regime(0.001< Kn < 0.1). It is demon-
strated that:

1. The channel width ranges from 350nmto 35µm.
2. The friction losses decrease with the decreasing in Knudsen

number and increasing in channel aspect ratio.
3. The friction factors decrease with the decrease in tangential

momentum accomodation coefficients.
4. The pressure drop in the channels decreases with the in-

crease in aspect ratios.
5. The dimensionless heat transfer coefficient for the channel

decreases with the increase in Knudsen numbers and aspect
ratios as well.

6. The average heat transfer coefficient of the heat sink in-
creases with the increase in volume flow rate and aspect ra-
tios.
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